UCSB Math Camp Class A - Problem Set 3 Summer 2020

Required Problems
1. Consider the following constrained utility-maximization problem:

max aln(z) + Bln(ze) st m=px1+pxs >0 y>0

Z1,22

where o >0, >0, m >0, p; >0 and ps > 0.

a) Find the demand functions (or correspondences) 3 (p1, p2, w) and x5(p1, p2, w). You can use
1 2
clearly explained intuition, M RS = ]%, etc.

(b) Find the demand functions (or correspondences) using the Kuhn-Tucker conditions.

2. Consider the following constrained utility-maximization problem:

max aln(zy) +x2 st. m=pzy+prs >0 y>0

T1,T2
where a > 0, m > 0, p; > 0 and py > 0.

(a) As above
(b) As above

3. Consider the following constrained utility-maximization problem:

max zf xg st. m=pixy+pas >0 y>0
T1,T2

where o > 0, 8 > 0,m > 0, p; > 0 and ps > 0.

(a) As above (you don’t need to do part (b))

4. Consider the following constrained utility-maximization problem:

max (ax; + Br2)?  st. m=pix; Fpere >0 y>0

x1,T2

where oo > 0, 6 > 0,m > 0, p; > 0 and py > 0.

(a) As above (you don’t need to do part (b))

5. Consider the following constrained utility-maximization problem:

max ole—l—ﬁwg st. m=pixi+pre >0 y>0

Z1,T2

where oo > 0, 8 > 0,m >0, p; > 0 and py > 0.

(a) As above (you don’t need to do part (b))

6. Consider the following constrained utility-maximization problem:

max min{azy, fxa} st. m=pizy+pxs >0 y>0
Z1,T2

where o« > 0, 8 > 0,m > 0, p; > 0 and py > 0.

(a) As above (you don’t need to do part (b))
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Additional Practice Problems (I will provide solutions for these but not feedback)

1. Let f: D — Rand g: D — R, where D C R"” and R C R, be concave functions. Let h: R — R be an

increasing function. Show that each of the following propositions is true:

(a) f(x)+ g(x) is a concave function.
(b) f(x) is a quasiconcave function.

(¢) (ho f)(x) is a quasiconcave function.

Find the extreme values of each of the following functions, then use the second-order conditions to
determine whether they are maxima or minima.

(a) flz,y) =a*+ay+2y>+3
(b) glz,y) = —2? —y* + 62+ 2y

3. Which of the following functions on R™ are concave or convex? Use the 2nd derivative test or the
definiteness of the Hessian (for univariate and multivariate functions, respectively) to determine

concavity /convexity.

(a) f(x) = 3e® + 5z* — In(x)
(b) g(x,y) = =322 + 22y —y?> + 3z — 4y + 1
(c) h(z,y,2) = 3e® + 5y* —1In(2)

Determine whether or not the following functions are quasiconcave, quasiconvex, or neither on Ri

4.
(a) f(z) =e"
(b) g(x) =2® —=
(C) h(.r, y) = yefw
(d) j(z,y) = (22 — 3y)®
5. Which of the following functions are homogeneous? What are the degrees of homogeneity of the
homogeneous ones?
(a) f(z,y) = 325y + 22%y* — 323y3
(b) g(z,y) = 3x5y + 2x2y4 _ 3x3y4
(C) h(.’b, y) = x1/2y71/2 + 3.’Ky71 +7
(@) j(z,y) = a3y /* 4 62 + 4
6. Which of the following functions are homothetic? Give a reason for each answer.

(a) fla,y) = e ve™
(b) g(x,y) = 23y5 + 322y* + 62y> + 9

(¢) h(z,y) =2In(z) + 31n(y)
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7. Consider the function

f(z1,20) = /2% + a3

Show that f(z1,x2) is homogeneous of degree 1.

8. Let f(x) be a convex function. Prove that f(x) reaches a local minimum at x* if and only if f(x*)
reaches a global minimum at x*.

9. Find the local extreme values and classify the points as maxima, minima, or neither

(a) f(z1,22) =221 — 2] — a3

(b) g(z1,22) = 22 + 222 — 49

(c) h(z1,72) = 23 — 23 + 219

10. Solve the following constrained optimization problems.
(a) min (22 +23) st. mag =1
(b) min (zy22) st. a2 +z3=1
X

c¢) max (r1 + x2 st. zi4zi=1
1 2

11. State the Kuhn-Tucker theorem for the following minimization problem:

min f(x1,22) st g(x1,22) <0and z; > 0,22 >0

Z1,T2

12. Consider the following maximization problem:

max zy st. x4+y<100 and x,y>0
T,y

State the Kuhn-Tucker first order conditions and solve the maximiation problem.

13. Suppose a consumer livers on an island where he produces two goods, x and y, according to the
production possibility frontier 22 4+ y? < 200, and he consumes all goods himself. His utility function
is

u(z,y) = zy°

The consumer also faces an environment constraint on his total output of booth goods, given by
r+y < 20.

(a) Write out the Kuhn-Tucker first-order conditions.

(b) Find the consumer’s optimal  and y. Identify which constraints are binding.



